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11.1 Introduction

In this chapter we explore the relationship of Grassmann agebra to the hypercomplex
algebras. Typica examples of hypercomplex agebras are the algebras of the real
numbers R, complex humbers C, quaternions Q, octonions (or Cayley numbers) O and
Clifford algebras C. We will show that each of these algebras can be generated as an
algebra of Grassmann numbers under anew product which we take the liberty of
calling the hypercomplex product.

This hypercomplex product of an m-element a and a k-element 3 is denoted a o 3 and
m k m  k

defined as a sum of signed generalized products of a with 3.
m k

Mn[m k] m Ak
aof = Z o aAf 11.1
m K = mx k

Here, the sign m& X isafunction of the grades mand k of the factors and the order X of
the generalized product and takes the values +1 or -1 depending on the type of
hypercomplex product being defined.

Note particularly that thisisan 'invariant' approach, not requiring the algebra to be
defined in terms of generators or basis elements. We will see in what follows that this
leads to considerably more insight on the nature of the hypercomplex numbers than
afforded by the usual approach. Because the generalized Grassmann products on the
right-hand side may represent the only geometrically valid constructs from the factors
on the left, it is enticing to postulate that all algebras with a geometric interpretation
can be defined by such a product of Grassmann numbers.

It turns out that the real numbers are hypercomplex numbers in a space of zero
dimensions, the complex numbers are hypercomplex numbers in a space of one
dimension, the quaternions are hypercomplex numbers in a space of two dimensions,
and the octonions are hypercomplex numbers in a space of three dimensions.

In Chapter 12: Exploring Clifford Algebrawe will also show that the Clifford product
may be defined in a space of any number of dimensions as a hypercomplex product
with signs:

2, k g -
mc . (_1)A(m-)t)+2 A (A-1)
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We could aso explore the algebras generated by products of the type defined by
definition 11.1, but which have some of the ng “ defined to be zero. For example the
relations,

A, k 2,k
mG =1, A= mG =0, A>0

defines the a gebra with the hypercomplex product reducing to the exterior product, and

mMEK 1, A=Mn[m k] "5 =0, A#Mn[m k]

defines the algebra with the hypercomplex product reducing to the interior product.

Both of these definitions however lead to products having zero divisors, that is, some
products can be zero even though neither of its factors is zero. Because one of the
principal characteristics of the hypercomplex product is that it has no zero divisors, we
shall limit ourselvesin this chapter to exploring just those algebras. That is, we shall

always assume that mg X is not zero.
We begin by exploring the implications of definition 11.1 to the generation of various
hypercomplex algebras by considering spaces of increasing dimension, starting with a

space of zero dimensions generating the real numbers. In order to embed the algebras
defined on lower dimensiona spaces within those defined on higher dimensional

spaces we will maintain the lower dimensiona relations we determine for the m&k
when we explore the higher dimensional spaces.
Throughout the development we will see that the various hypercomplex algebras could

be developed in alternative fashions by various combinations of signs m& “ and
metrics. However, we shall for simplicity generally restrict the discussion to
constraining the signs only and keeping products of theform e; ee; positive.
Although in this chapter we develop the hypercomplex product by determining more

and more constraints on the signs m&* that give us the properties we want of the
number systems R, C, Q, and O, it can be seen that thisis only one direction out of the
multitude possible. Many other consistent algebras could be developed by adopting

: .o mxk
other constraints amongst thesigns "o

e e6;

11.2 Some Initial Definitions and Properties

The conjugate

The conjugate of a Grassmann number X is denoted X° and is defined as the body X,
(scalar part) of X minusthe soul Xs (non-scalar part) of X.
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X=X, + Xs XC == Xy - X 11.2
Distributivity
The first property we define of the Hypercomplex product isits distributivity.
(Z a] of == (a°/3) 11. 3
= om )k m ok
o == o 11 4
o2 8] = 2 leeg)
Thenorm
The norm of a Grassmann number X is denoted n [ X] and is defined as the
hypercomplex product of X with its conjugate.
n[X] == XoX® == (Xo + Xs) © (Xp = Xs) == X%p” - Xs o Xs 11.5
Factorization of scalars
From the definition of the hypercomplex product we can use the properties of the
generalized Grassmann product to show that scalars may be factorized out of any
hypercomplex products:
(aa)oﬁzzao(aﬁ) ==a(a°/3) 11.6

Multiplication by scalars

The next property we will require of the hypercomplex product is that it behaves as

expected when one of the elementsisa scalar. That is:
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aob=boa=ba 11. 7
m m

m

From the relations 11.7 and the definition 11.1 we can determine the constraints on the
m 2, k . . . .
o which will accomplish this.

Mn[mO0]
ma2x, 0 moO,0 mo, 0
aob = Z 0 aAb= 0o aab= 0 ba
m maA m m
A=0
M n[0, m
0, A, m 0,0, m 0,0, m
boa == Z 0 bAa= "0 bra= "0 ba
m P A m m m

: . .  k . :
Hence the first constraints we impose on the M5 " to ensure the properties we require
for multiplication by scalars are that:

mgo __0gm 11.8

Thereal numbersR

The real numbers are a simple consequence of the relations determined above for scalar

multiplication. When the grades of both the factors are zero we have that o g’ ° .

Hence:

aocb=beca=ab 11.9

The hypercomplex product in a space of zero dimensions is therefore equivalent to the
(usual) redl field product of the underlying linear space. Hypercomplex numbersin a
space of zero dimensions are therefore (isomorphic to) the real numbers.

11.3 The Complex Numbers C

Constraints on the hypercomplex signs

Complex numbers may be viewed as hypercomplex numbers in a space of one
dimension.

In one dimension all 1-elements are of the form ae, where a isa scalar and e isthe
basis el ement.
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Let a be a 1-element. From the definition of the hypercomplex product we see that the
hypercomplex product of a 1-element with itself isthe (possibly signed) scalar product.

MnI[l,1]
1,21 1,0,1 1,1,1 1,1,1
ao°caq == Z o alAa == O aAaa+ O aea == o aea
A
A=0

In the usua notation, the product of two complex numbers would be written:

(a+ib) (c+id) = (ac-bd)+i(bc+ ad)
In the general hypercomplex notation we have:

(a+be)o(c+de) ==acc+ac(de) + (be)oc+ (be)o(de)
Simplifying thisusing the relations 11.6 and 11.7 above gives:

(ac+bdece) + (bc+ad) e =

(ac +bd1’clf’leee) +(bc+ad)e

Isomorphism with the complex numbers is then obtained by constraining Y5leoeto
be-1.

One immediate interpretation that we can explore to satisfy thisisthat e isaunit 1-

element (with eee == 1), and Yot

Thisthen isthe constraint we will impose to allow the incorporation of complex
numbers in the hypercomplex structure.

LLl 1 11. 10

Complex numbers as Grassmann numbers under the
hyper complex product

The imaginary unit i isthen equivalent to a unit basis element (e, say) of the 1-space
under the hypercomplex product.

i == eoe = 11.11

fiod==-161-==-1 11.12

In thisinterpretation, instead of the i being anew entity with the specia property
i? == -1, the focusis shifted to interpret it as a unit 1-element acting under a new
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product operation o. Complex numbers are then interpreted as Grassmann numbersin a
space of one dimension under the hypercomplex product operation.

For example, the norm of acomplex number a+g == a+be == a+b i can be calculated
as:

nfa+B] = (a+B)o(a-p) =a’-Bof=2a’+BOB=a +b’

n[a+pB] =a’ +BOR =a’ +b? 11.13

11.4 The Hypercomplex Product in a 2-Space

%% Tabulating productsin 2-space

From our previous interpretation of complex numbers as Grassmann numbersin a
space of one dimension under the hypercomplex product operation, we shall require
any one dimensional subspace of the 2-space under consideration to have the same
properties.

The product table for the types of hypercomplex products that can be encountered in a
2-gpace can be entered by using the GrassmannAl gebra function
Hyper conpl exPr oduct Tabl e.

T = Hyper conpl exProduct Tabl e[ {1, a, B, aAB}]

{{lel, 1oa, 108, 1o (anB)},
{ael, aca, aoB, ac (arB)}, {Bel, Boa, BoB, Bo (anB)},
{(anB)ol, (axnB)oa, (axrB)of, (axnrB)o(anrpB)}}

To make this easier to read we format this with the GrassmannAlgebra function
Tabl eTenpl at e.

Tabl eTenpl ate [T]

101 loa 1op3 lo (anp)

aol aoa aof3 oo (oaf)

Bel Boa Beop Bo (arp3)
(anB)el (anB)eal (anB)oB| (aanB) e (anp)

Products where one of the factors is a scalar have aready been discussed. Products of a
1-element with itself have been discussed in the section on complex numbers. Applying
these results to the table above enables us to simplify it to:
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1 a B arf

a - (ax6a) acf3 aco (aaf)
B Bea - (BeB) Be (aap)
arf (aaB)ea (aaB) o (aaB)e (anp)

In thistable there are four essentialy different new products which we have not yet
discussed.

aop ae (aap) (xaB)ca (axaB) o (anp)

In the next three subsections we will take each of these products and, with a view to
developing the quaternion algebra, show how they may be expressed in terms of
exterior and interior products.

The hypercomplex product of two 1-elements

From the definition, and the constraint L é’ t .. 1 derived above from the discussion

on complex numbers we can write the hypercomplex product of two (possibly) distinct
1-elements as
1,0,1 1,1,1 1,0,1
acfl== o aafl+ o (a©f) = o aarf- (axa©f)
The hypercomplex product e a can be obtained by reversing the sign of the exterior
product, since the scalar product is symmetric.

o _ 1,0,1 o
ach = » 1‘“’3‘(“ R) 11. 14
Beas=-"0 arB- (a6p)

The hypercomplex product of a 1-element and a 2-element

From the definition of the hypercomplex product 11.1 we can obtain expressions for
the hypercomplex products of a 1-element and a 2-element in a 2-space. Since the
space is only of two dimensions, the 2-element may be represented without loss of
generality as a product which incorporates the 1-element as one of its factors.

MnI[1,2]
1,22
oo (aapB) = Z G an (anp) =
A=0

2 1,1,2

l’g' ar(aaf) + é (aafB) ©a
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Mn[2,1]
(aAB)Oa:: Z o (a/\B)éa::
A=0
2,0,1 2,1,1
o (aaBB)ra+ o (aaf)ea

Since the first term involving only exterior products is zero, we obtain:

1'é2 (arB) ©a
211 11. 15
o (aafl)Oa

ae (arpB) =

(aAB) oQ ==

The hypercomplex square of a 2-element

All 2-elements in a space of 2 dimensions differ by only a scalar factor. We need only
therefore consider the hypercomplex product of a2-element with itself.

The generalized product of two identical elementsiszero in all cases except for that
which reduces to the inner product. From this fact and the definition of the
hypercomplex product we obtain

(aaB)o(arB) ==
Mni2 2] 2,2 2,2,2
K (aAB)g(aAB) == 0 (aaB) O (arp)

A=0

(@aB) o (aaB) == &~ (aaB)© (anB) 11.16

The product tablein terms of exterior and interior products

Collecting together the results above, we can rewrite the hypercomplex product table
solely in terms of exterior and interior products and some (as yet) undetermined signs.

a B aarfl
1,0,1 1,1,2
- (a6 a) c aaf3B- (a6f) o (aap)E€E
1,0,1 1,1,2 11. 17
-0 aaB- (a6B) -(BepB) o (aaB)E
2,1,1 2,1,1 2,2,2
} o (aaf)Oa o (aafB)ep o (aaf) 6 (a
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11.5 The Quaternions Q

The product table for orthonormal elements

Suppose now that a and B are orthonormal. Then:
aea=peB =1

aeB == (a/\B)ea ==
(a0a) B (aaB) & (aaf) = (aba) (BOB)

The hypercomplex product table then becomes:

1 a B asf
1,0, 1 1,1,2
a -1 o aaf c B
1,0, 1 1,1,2
B - o aaf -1 - o a
2,1,1 2,1,1 2,2,2
aafl c B - o a (o

Generating the quaternions

Exploring a possible isomorphism with the quaternions leads us to the correspondence:

a— 1 B— 17 arfB — k 11.18

In terms of the quaternion units, the product table becomes:

1 i J k

. 1,0,1 1,1,2

1 -1 o k o J

. 1,01 1,1,2,

J - o k -1 - o 1
2,1,1 , 2,1,1, 222

k c J - o 1 (o]

To obtain the product table for the quaternions we therefore require:

1’g"1==1 l‘é’2:= -1 Z’é"l:l 213'123 -1 11. 19

These values give the quaternion table as expected.
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1 1 |3 k
i -1 k| -3
. . 11. 20
J -k -1 1
k 3 -1 -1

Substituting these values back into the original table 11.17 gives a hypercomplex
product table in terms only of exterior and interior products. This table defines the real,
complex, and quaternion product operations.

1 ‘ a ‘ B ‘ aafl

a  -(aea) arB- (a6B) -(arB)ea 11 91
B -aaB-(aBB) -(BEB) | -(aaB)eRB

arB  (aaB)Oa  (arB)OB - (arB)O (arp)

The norm of a quaternion

Let Qbe aquaternion given in basis-free form as an element of a 2-space under the
hypercomplex product.

Q==a+a+aaf 11. 22

Here, aisascaar, a isal-element and aaf is congruent to any 2-element of the space.

The norm of Qisdenoted n[ @ and given as the hypercomplex product of Qwith its
conjugate (F . expanding using formula 11.5 gives:

n[Q] = (Aa+a+aaB)e(a-a-aaf) =
a? - (a+aafB)o(a+aaf)

Expanding the last term gives:

n[Q] =a® -aca-ao (aaf) - (aaf)oa~- (arB)e (arp)
From table 11.21 we see that:

ao(aap) =-(arfB)Oa (aaB)oa== (arB)Oa
Whence:

ao (GAB) == —(a/\B) oa

Using table 11.21 again then allows usto write the norm of a quaternion either in terms
of the hypercomplex product or the inner product.
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n[Ql =a’ -aca- (aspB) o (anrp) 11. 23

n[Q] =a? +aea+ (aaB) O (arp) 11. 24

Intermsof 4, 3, and k
Q=za+bi+cjy +dk

n[Q] =a’-(bi+cj)o(bi+c3)- (dk)o(dk)
=a” -b? (doi) -c? (Foj) -d? (kok)

=a’ +b? (iei) +c? (joj) +d? (kek)

=a’ +b? +c? +d?

The Cayley-Dickson algebra

If we set a and B to be orthogonal in the general hypercomplex product table 11.21, we
retrieve the multiplication table for the Cayley-Dickson algebra with 4 generators and 2
parameters.

1 a B aafl

a -(a6a) aaf -(a6a) B 11. 25
B -aarf | -(BOB) (BeB) a
arf (aa) B -(BEB) a - (aca) (BEB)

In the notation we have used, the generators are 1, a, 8, and aAB. The parameters are
aea and Beg.

11.6 The Norm of Grassmann number

Thenorm

The first property that R, C, Q, and O possess in common is that of being normed.

The norm of a Grassmann number X is denoted n [ X] and has been defined in 11.5 as
the hypercomplex product of X with its conjugate.

AIX] == XoXE = (Xo + Xs) © (Xo - Xs) = Xp? = Xs o Xs
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The norm of an m-element a isthen denoted n [a] and defined as the hypercomplex
m m
product of a with its conjugate a® . If a is not scalar, then a® issimply - a. Hence
m m m m m

n[a] =aoa’ = —aoa m# 0 11. 26
m m m m m

We require that the norm of any element be a positive scalar quantity.

The norm of a simple m-element

If a issimple, then the generalized Grassmann product a Aa iszero for al A except A
m m m

equal to m, in which case the generalized product (and hence the hypercomplex
product) becomes an inner product. Thus for m not zero we have:

mmm
aoca = 0 aea m#0
m m m m

Equation 11.26 then implies that for the norm to be a positive scalar quantity we must

have o = -1,
n[a] =ada a sinple 11. 27
m m m m
mmm_ 11. 28

The norm of ascalar aisjust a == aea, so this formula 11.27 applies also for m
equal to zero.

The skew-symmetry of products of elements of different grade

We consider ageneral Grassmann number X == a+A, where a isits body (scalar
component) and Aisits soul (non-scalar component). We define the norm »[ X] of Xin
the standard way as the hypercomplex product of X with its conjugate XC .

n[X] = XoX; = (@a+A) o (a-A) =a’-AocA
The norm of X can be written in terms of X as;
n[X] = Body [X]? - Soul [X] °Soul [X]

To investigate the norm further we look at the product Ae A. Suppose A is the sum of
two (not necessarily simple) elements of different grade: an m-element a and ak-

element 8 . Then Ae A becomes:
k
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AoA == (a+/3)°(a+/3) =aoca+acfB+pBoa+fBof
m ok m k mm mk k m k k
We would like the norm of ageneral Grassmann number to be a scalar quantity. But

none of the generalized product components of a o{(s or |/<3 °a can be scalar if mand k

are different, so we choose to make 3 e a equal to - a o {(3 as afundamental defining
k m

axiom of the hypercomplex product, thus eliminating both products from the
expression for the norm. This requirement of skew-symmetry can always be satisfied
because, since the grades are different, the two products are aways distinguishable.

acp=-pBoa 11. 29

m K

The norm of a Grassmann number in terms of hyper complex
products

More generally, suppose A were the sum of several elements of different grade.

A=a+B+v+..
m k p

The skew-symmetry axiom then allows us to write Ac A as the sum of hypercomplex
sguares of the components of different grade of A.

AoA == (a+/3+x+..]°(a+/3+x+..] =aoca+ o +yoy+...
m -k p m -k p k k p p

And hence the norm is expressed simply as

n[X] =a% -aoa-Bof-yoy-..
m m k k p p

2
nla+a+B+y+..|]=a —-acea-pLo-yoy-...
[m{fg] aca-Bof-yoy 11. 30

The norm of a Grassmann number of smple components

Consider a Grassmann number Ainwhich the elements a, B, ... of each grade are
m Kk
simple.

A=a+B+v+..
m k p

Then by 11.28 and 11.30 we have that the norm of Ais positive and may be written as
the sum of interior products of the individual simple elements.
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2
nfa+a+B+y+..] =a + aa+ LOL+ YOy + ...
[a+a+Brys.] aca+ OB+ yoy 11.31

The norm of a non-simple element

We now turn our attention to the case in which one of the component elements of X
may not be simple. Thisisthe general case for Grassmann numbers in spaces of
dimension greater than 3, and indeed is the reason why the suite of normed
hypercomplex numbers ends with the Octonions. An element of any grade in a space of
any dimension 3 or less must be ssimple. So in spaces of dimension 0, 1, 2, and 3 the
norm of an element will always be a scalar.

We now focus our attention on the product a e a (where a may or may not be simple).
m m m

The following analysis will be critical to our understanding of how to generalize the

notion of hypercomplex numbers to spaces of dimension greater than 3.

Suppose a is the sum of two simple elements a; and a, . The product a o a then
m m m m m
becomes:

aoaq == (al +a2)°(a1 +a2) = Q1 °Q1 +A1 °02 + A2 °Q1 + 02 20
m m m m m m m m m m m m m m

Since a; and ap aresimple, a1 ea; and ay e ay are scalar, and can be written:

m m m m m m
aioa; +azx°ap == -1 901 -az Oa
m m m m m m m m

The expression of theremaining termsa; e az and ay e a; interms of exterior and

m m m m
interior products is more interesting and complex. We discuss it in the next section.

11.7 Products of two different elements of the
same grade

The symmetrized sum of two m-elements

We now investigate the remaining terms, products of two different elements of the same
grade. We have left this discussion to last as these types of term introduce the most
complexity into the nature of the hypercomplex product. It is their potential to
introduce non-scalar terms into the (usually defined) norms of hypercomplex numbers
of order higher than the Octonions that makes them of most interest.

Returning to our definition of the hypercomplex product and specializing it to the case
where both elements are of the same grade we get:
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m

ma,m
al °oap = Z o a1 Aap
m m 0 mA m

Reversing the order of the factors in the hypercomplex product gives:
0 A, m
oo °oa == Z ms o Aay
m m 0 m A m

The generalized products on the right may now be reversed together with the change of
sign (_1) (M-A) (M-A) _ (_1) (M-A) )

m

m A, m
o oy == E (_1)(m—/\) o a] Aar
m m 0 mAXA m

Thesum ay e ay + ap o a; May then be written finaly as:
m m m m

m

m A, m
ap oap + ap oay == Z 1+ (-1) ™)y "3 oy Ay 11. 32
m m m m oo mA m

Because we will need to refer to this sum of products subsequently, we will call it the
symmetrized sum of two m-elements (because the sum of products does not change if
the order of the elements is reversed).

Symmetrized sums for elements of different grades

For two (in general, different) smple elements of the same grade a; and a, we have
m m
shown above that:

m

ma,m
a1 °ay +0as 00y = Z L+ (-1)™" "6 a1 Aar
m m m m P mA m

Theterm 1 + (-1)™" will be 2 for mand A both even or both odd, and zero
otherwise. To get a clearer picture of what this formula entails, we write it out

explicitly for the lower values of m. Note that we use the fact already established that
mmm
o =-1.

e m=0

acb+boa==2ab 11. 33
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e m=1
ajoar +azoa; == -2 a; 9ay 11. 34
& m=2
2,0,2
aj °a +02 °aq; ==2( o alAaz—aleag) 11. 35
2 2 2 2 2 2 2
& m=3
3,1,3
ajoay +0p°o0] == ( o ai Aag—aleaz) 11. 36
3 3 3 3 313 3 3
& m=4

, 2,4
ap°ay +az °cag ==2( O ajAQx+ O Qi 90(2—0(160(2) 11. 37
4

The body of a symmetrized sum

We now break this sum up into its body (scalar component) and soul (non-scalar
components).

The body of a; e ay + az o a1 isthe inner product term in which A becomes equa to

m mm m m
m, that is; 2 me (a1 eag) .
m m
And since constraint 11.28 requires that B body of a e a becomes:
m m

Body [aoa] =a) o0 +BOdy[a1 cay + ay °a1] + 0o °ay
m m m m m m m m m m

= —(al ea; +2a19ay +as eag) =-aéa
m m m m m m m m

Hence, even if acomponent element like a isnot simple, the body of its hypercomplex

m
sguare is given by the same expression asiif it were simple, that is, itsinner product
square.
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Body [aoa] =-a0a 11. 38
m m m m

The soul of a symmetrized sum

The soul of a ¢ a isthen the non-scalar residue given by the formula:
m m

m-2
Soul [aea] = > (1+ (-1)™) "5 "y Ay 11. 39
m m = m A m

(Here we have used the fact that because of the coefficient (1 + (-1) (™% ), the
terms with A equal to m-1 is always zero, and we only sum to m-2).

For convenience in generating examples of this expression, we temporarily define the
soul of a o a asafunction of m, and denoteit n[ M . To make it easier to read we
m m

convert the generalized products where possible to exterior and interior products.

m-2
ngm7:= Z L+ (1) ™0y "E " Aay 7/
AT0 m A m

General i zedProduct Si nplify

With this function we can make a palette of souls for various values of m. We do this
below for mequals 1 to 6 to cover spaces of dimension from 1 to 6.

Pal etteTenpl ate[Table[{m n[m]}, {m 1, 6}]]

1 0
2,0, 2
2 2 0 a1 A0
2 2
31,3
3 2(a1Aa2) o
313
4,2, 4 4,04
4 2(a1Aa2) O +2 0 0 A0
4 2 4 4 4
51,5 5,3,5
5 2(0(1AO(2) (o) +2(O(1AO(2) o
5 15 5 3 5
6,2, 6 6,4, 6 6,0, 6
6 2(a1Aa2) o +2(a1Aa2) o +2 0 o1 A0
6 2 6 6 4 6 6 6

Of particular note is the soul of the symmetrized sum of two different simple 2-
elements.
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This 4-element is the critical potentially non-scalar residue in a norm calculation. It is
always zero in spaces of dimension 2, or 3. Hence the norm of a Grassmann number in
these spaces under the hypercomplex product is guaranteed to be scalar.

In aspace of 4 dimensions, on the other hand, this element may not be zero. Hence the
space of dimension 3 is the highest-dimensional space in which the norm of a
Grassmann number is guaranteed to be scalar.

We have aready seen that Grassmann numbers in a 2-space under the hypercomplex
product generate the quaternions. In the next section we shall see that Grassmann
numbers in a 3-space under the hypercomplex product generate the Octonions. The
Octonions therefore will be the last hypercomplex system with a scalar norm.

Summary of results of this section

Consider ageneral Grassmann number X.

X=a+a+B+y+...
m k p

Here, we suppose a to be scalar, and the rest of the terms to be nonscalar simple or non-
simple elements.

The generalized hypercomplex norm »[ X] of X may be written as:

n[X] =a? -aca-BoB-yoy- ..
mm ok k p op

The hypercomplex square a © a of an element, hasin general, both abody and a soul.
m
The body of a ° a isthe negative of the inner product.
m m
Body [a Oa] =-aoa
m m m m
The soul of a o a depends on the terms of which it is composed. If
m m

a = ajp +ap +ag + ...then
m m m m

Soul [%0%] =

m-2

ma,m
Z (1+ (-1) (MDY g (alAa2+a1Aa3+a2Aa3+..)
0 mAXA m m A m mAXA m

If the component elements of different grade of X are smple, then its soul is zero, and
its norm becomes the scalar:
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n[X] == a® +aea+LBOBR+yYOY+ ...
m m k k p p

Itisonly in 3-space that we are guaranteed that all the components of a Grassmann
number are simple. Therefore it is only in 3-space that we are guaranteed that the norm
of a Grassmann number under the hypercomplex product is scalar.

11.8 Octonions

To be completed
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